Interval routing is a space-efficient method for point-to-point networks. It is based on labeling the edges of a network with intervals of node numbers (called interval labels). An M-label scheme allows up to M labels to be put on an edge. Intuitively, the larger M is, the better the quality of (i.e., shorter) the paths thus generated. For arbitrary graphs of size n, n the number of nodes, the problem is to determine the minimum M necessary for achieving optimality in the length of the longest path. The longest path (maximum of all shortest paths) resulted from a labeling is an important indicator of the performance of any algorithm that runs on the network. We argue that the problem is not applicable to graphs whose diameter (D) is insignificant (e.g., a small constant) with respect to n. Our result is an improved lower bound on M-( n D ) for D = ( n 1 3 ).
Introduction
Interval routing was first proposed by Santoro and Khatib [6] , and subsequently refined by van Leeuwen and Tan [10] . The idea is to label the nodes by integers (called node numbers) from a cyclicly ordered set, say, f0 1 : : : n ; 1g, where n is the number of nodes; and the edges by intervals of the form hp qi, where p q are node numbers. hp qi is the set fp p+1 : : : q g if p < q , or fp p+1 : : : n ;1 0 : : : q g if p > q . hpi is the short form for hp pi, i.e., the set fpg. During routing, a message is routed along an edge whose interval label contains the destination node number, until the message reaches the destination. An example of interval routing is shown in Figure 1 . The figure shows the routing path of a message that travels from Node 2 to Node 0. The message first takes the edge to Node 3 because 0 is contained in the interval h3 0i, and then takes the edge to Node 4 because 0 is contained in h4 0i, and so on. Clearly, with interval routing, at most O(d) space is needed at a node, where d is the node's degree. In general, d is smaller than n, the size of the network, and we say that the routing information stored at a node as required by interval routing is "compact". See the survey by Tan and van Leeuwen [7] for an overview of the field of compact routing.
One of the main questions in interval routing research is that given G, how to label its nodes and edges so that all the routing paths are shortest paths, where G represents either a specific kind of graphs or arbitrary graphs (general networks). A successful labeling satisfying the condition constitutes an optimum interval routing scheme (IRS). For a number of specific graphs, optimum IRSs are known to exist [7] . What about arbitrary graphs? Ružička answered this in the negative way by constructing a graph that has no optimum IRS [5] .
What then can be done if indeed no optimum IRS exists for a given network?
One possibility is to relax the requirement of compactness of routing information by allowing more than one interval label to be associated with an edge. An IRS that allows up to M labels per edge is called an M-label IRS, or simply M-IRS. Figure 2 shows a graph which has no optimum 1-label IRS, as proved by Fraigniaud and Gavoille [1] , but has optimum IRS if up to two labels per edge are allowed. One such optimum 2-IRS for the graph is shown in the figure. In the figure, some edges have one label, while the others have two. . Our results suggest that it is not practical to impose optimality on the routing paths for arbitrary graphs using interval routing.
Note that we target our pursuit of a new bound on the space requirement at graphs whose diameter is a significant parameter-in general, a function of n, as opposed to a constant. Graphs whose diameter is sufficiently small belong to the category of dense graphs. The construction of dense graphs is an active area in graph theory research. A dense graph has a small diameter, usually a small degree, but a large order (number of nodes)-for example, there exists a degree-10 graph having 47059200 nodes but whose diameter is only 10 [11] . For dense graphs having a small diameter, the labeling algorithm by Santoro and Khatib [6] , which generates paths that are bounded by 2D is very near the best (i.e., D) one can hope for, where D is the diameter. Their algorithm uses at most one label for an edge. Even if we allow more labels (up to n log n say) to be used per edge, one cannot do better than reducing the bound on the (longest) path length to 3 2 D ; 3 [3] . As D is so insignificant as compared to n, the reduction by D 2 really cannot justify the cost due to the extra labels, not to mention the insignificance of the reduced length itself. Therefore, it is not meaningful to pursue after a multi-label labeling scheme for dense graphs or graphs whose diameter is a small constant. The more meaningful question then is:
What is the minimum number of labels needed per edge in order to achieve the optimal longest path length-i.e., that equaling D and D is some function of n? This paper answers this question.
Properties
The network in question is a connected graphs, G = (V E), where V is the set of nodes, and E the set of the edges. Every edge in E is bidirectional. There are n nodes in V . To implement interval routing, each node is labeled with a node number, from the set L = f0 : : : n ; 1g.
Every edge in each direction is labeled with M interval labels, each of the form hp qi, where p q 2 L. For u v 2 V that are directly connected,
denote the M interval labels for the edge that goes from u to v. For convenience, we use L (u v) as a short-hand notation for
A node u is said to be contained in hp qi if (1) p u q for p q, or (2) p u n;1 or 0 u q, otherwise. We use the notation u v w, to denote the cyclic ordering of node numbers, for u v w 2 L. Naturally, 0 1 : : : n ; 1 0. As in [8] , the expression u f v wg x means that v and w are contained in some interval and that they are ordered after u and before x, but the order of v and w is not shown.
Property 1 (Completeness)
The set of interval labels for edges directed from a node u is complete. That is, every node in V 6 = u must be contained in one of u's interval.
Property 2 (No ambiguity)
The interval labels for edges directed from a node u are disjoint. That is, for u 6 = v, v is contained in exactly one of these intervals.
Property 3 (No bouncing) For each
It should be noted that these properties are necessary but not sufficient for a valid IRS. A valid IRS is one that can route a message from any node to any other node.
For M-IRS (M > 1), Property 2 seems to be unnecessary for the set of labels that are associated with the same outgoing edge. It is, however, not practical to have multiple such labels that are overlapping, for they should be combined into a single label, thus saving some space. In fact, an M-IRS allows a stronger kind of disjointness for the multiple labels associated with an edge-that is, there could exist a gap between the labels' intervals such that they cannot be concatenated to form a single interval. We now present the graph G based on which we will derive our lower bound on the number of labels. 
The Lower Bounds
An example of G for L = 12, F = 27, and C = 3 is shown in Figure 3 . G has F + 1 flaps whose roots are the nodes u 1 u 2 : : : u F +1 ; each flap has 2C columns and L + 1 layers. We use the subscripts f c lto index a flap, a column, and a layer, respectively.
Flap, Layer and Slice
In our main proof (Theorem 3.1), we will arrive at a contradiction which is against an assumption about the longest path. The assumption is that there exists an M-IRS for G such that the longest path is shorter than We call the M disjoint intervals in the above corollary for a given flap flap intervals which cover all the flap's even columns (c = 2 4 : : : 2C) spanning up to the L-th layer. We call the M disjoint intervals in the above corollary for a given layer layer intervals which cover those elements within the layer that are at even columns of all the flaps except the last flap (F + 1 ).
The elements covered in Corollary 3.1 and 3.2 constitute the set
which is made up of all the even columns in the first L layers of the first F flaps. In the following, we concentrate on this set B. The elements of this set form a cyclic structure of intervals. The union of all the flap intervals cover exactly the set B; similarly for the layer intervals. In fact, the flaps and the layers represent two views of the set B (see Figure 4 ). There is a third view, which is based on something which we call a slice. Consider v l c+1 f , where l = L + 1 f = F + 1 . By the assumption about the longest path, the routing from v l c+1 f to any element in S >c will pass through the edge (v l c+1 f v l c f ), and the the routing from v l c+1 f to any element in S c will pass through the edge (v l c+1 f v l c+2 f ). Hence, S >c will be covered by the M disjoint interval labels on the edge (v l c+1 f v l c f ) and S c by those on the edge (v l c+1 f v l c+2 f ).
By Property 2, these two sets of intervals cannot overlap; therefore, it is impossible to realize the cyclic structure of intervals as shown above. 2
We call those intervals introduced in the above lemma slice intervals.
The Main Results
Referring to Figure 4 which shows the set B being viewed in three different ways, as F flaps, as L layers, and as C slices. A flap has LC elements, a layer F C elements, and a slice LF elements. Given some interval A, we refer to those elements at the margins of the interval as marginal elements, and the remaining elements non-marginal elements. If A has only one element, then the element is a marginal element. An inter-flap interval is one that contains two or more marginal nodes belonging to different flap intervals, and nothing else. Similarly, we have inter-layer and inter-slice intervals. Figure 5 shows some examples of these kinds of intervals. Note that some of these "inter" intervals can be of more than one kind, as shown in the figure. Proof: By Lemma 3.3, we have at most 2M slice intervals for each slice, and there are C slices. Hence, we have at most 2M C intervals for all slices, and therefore at most 4M C elements belonging to inter-slice intervals ( Figure 6 ). These elements are distributed among L layers. By which is > M .
As a result, these non-marginal elements of the flap in question cannot be grouped into M or fewer disjoint intervals, which is in contradiction with Corollary 3.1, and hence the assumption about the longest path cannot be true. 2
Next, we give the main results of this paper. ).
